We explore conformal-anomaly driven inflation in F (R) gravity without invoking the scalar-tensor representation. We derive the stress-energy tensor of the quantum anomaly in the flat homogeneous and isotropic universe. We investigate a suitable toy model of exponential gravity plus the quantum contribution due to the conformal anomaly, which leads to the de Sitter solution. It is shown that in F (R) gravity model, the curvature perturbations with its enough amplitude consistent with the observations are generated during inflation. We also evaluate the number of e-folds at the inflationary stage and the spectral index ns of scalar modes of the curvature perturbations by analogy with scalar tensor theories, and compare them with the observational data. As a result, it is found that the Ricci scalar decreases during inflation and the standard evolution history of the universe is recovered at the small curvature regime. Furthermore, it is demonstrated that in our model, the tensor-to-scalar ratio of the curvature perturbations can be a finite value within the 68% CL error of the very recent result found by the BICEP2 experiment.
I. INTRODUCTION
It is theoretically known that the de Sitter expansion in the early universe, i.e., inflation [1, 2] , can be realized by the quantum effects of conformally invariant fields [3] (for recent reviews on inflation, see, e.g., [4] [5] [6] ). This has also been expected by the effect of quantum theories in vacuum and that of quantum gravity [7, 8] . Inflation is a crucial process to solve the so-called horizon and flatness problems, and to produce the curvature perturbations, which are the seeds of the large-scale structure of the universe.
For the standard inflation models such as the chaotic inflaion [9] , inflation is driven by the so-called inflaton field. If the inflaton potential has a minimum, the inflaton rolls down to it and oscillates, so that the reheating process can occur. There are also the other models in which the inflaton falls in a potential hole [10] [11] [12] [13] , or the hybrid or double inflation [14, 15] , where inflation is realized by two scalar fields appearing through a phase transition. However, the mechanism for the initial confinement of the inflaton has not well understood yet. There have been proposed a model of trace-anomaly driven inflation, called Starobinsky inflation [16] , and its extended version [17] by examining the coefficient of the trace-anomaly higher-(total-)derivative counter term more carefully.
On the other hand, it is observationally suggested that the trace-anomaly driven inflation or its similar version with an R 2 term could be one of the most realistic candidates of inflationary theory by recent cosmological observations [18] [19] [20] [21] . Accordingly, various aspects of an R 2 inflation model have been investigated in the literature (for related works, see, for instance, [22] [23] [24] ). Inflation with enough duration and its graceful exist can occur due to the trace-anomaly R term [16] , which is a higher-derivative R 2 term in the anomaly-induced action. In addition, this is the effective action of gravity including an R 2 term and a non-local one. Hence, thanks to these terms, it can be interpreted as a modified gravity theory. Also, the trace-anomaly driven inflation has been examined in several extended gravity theories such as gravity with anti-symmetric torsion [25] , dilaton-coupled gravity [26] , where in the conformal anomaly, there exist additional terms with their dilaton dependence, and gravity in the so-called brane new world [27, 28] .
In this paper, following the considerations in Ref. [29] , we explore inflation due to the quantum anomaly in F (R) gravity (for recent reviews, see, for example, Ref. [30] on modified gravity and Ref. [31] on dark energy). If inflation happens during the Planck epoch, the quantum effects given by the trace anomaly of a large number of matter fields have to be taken into account. We investigate the effects of a modification of gravity on the primordial de Sitter universe emerging due to the conformal anomaly, the generation of the curvature perturbations, and the graceful exit from inflation occurs. To carry out our analysis, we use a simple toy model of exponential gravity involving the quantum contribution owing to the conformal anomaly, in which the late-time cosmic acceleration can occur in a unified way with inflation in the early universe. This model is adopted for our purpose, because it makes possible the de Sitter expansion driven by conformal anomaly involving negative perturbations on the curvature which starts to decrease towards the end of inflation. We calculate the number of e-folds N and the spectral index of spectrum of the curvature perturbations generated during inflation in analogy with the scalar field theories, and compare them with the cosmological observations. We demonstrate that a viable inflation with the end in the Planck epoch can be realized. In this approach, the role of the inflaton is played by the modification of gravity, and instead to its decay in the scalar and the Dirac fields during the reheating, the model turns out to be the Einstein gravity at small curvature at the radiation-dominated stage with the decelerated expansion of the universe. We use units of k B = c = = 1 and denote the gravitational constant, G, by κ 2 ≡ 8πG, so that G = 1/M 2 Pl with M Pl = 1.2 × 10 19 GeV the Planck mass. The metric signature (−, +, +, +) is adopted.
The paper is organized as follows. In Sec. II, we review the trace anomaly from quantum corrections in the YangMills theory coupled with gravity. The introduction of an R 2 term in the action of the Einstein gravity is discussed. In Sec. III, the trace anomaly is explored in F (R) gravity and the explicit form of the stress-energy tensor of quantum corrections for the flat Friedmann-Lemaître-Robertson-Walker (FLRW) space-time is derived. Section IV is devoted to the study of the trace-anomaly driven inflation in exponential gravity. The (unstable) de Sitter solution describing the early-time acceleration will be found and the dynamics of inflation will be investigated. The explicit form of the perturbations coming from the modification of gravity will be derived showing the mechanism which makes possible a graceful exit from the inflation. We pay attention to the evaluation of the number of e-folds N , the spectral index of scalar modes of the curvature perturbations, and some explicit example of the parameterization of the model is presented.
In particular, we explicitly analyze the spectral index of scalar modes of the curvature perturbations and those tensor-to-scalar ratio and compare them with the recent observational data obtained by the PLANCK [20, 21] satellite and the BICEP2 [32] experiment. In the last part of this Section, we examine the possibility to recover the standard thermal universe at small curvature. In Sec. V, we study a unified scenario between trace-anomaly driven inflation and the late-time cosmic acceleration in exponential gravity. Conclusions, discussions and final remarks are presented in Sec. VI.
II. TRACE ANOMALY
Since the Standard Model of particle physics contains almost a hundred fields and this number may further be doubled if the Standard Model is embedded in a supersymmetric theory, it is reasonable to consider that there exist a large number of matter fields during inflation in the early universe. The action of these (massless) matter fields (scalars, the Dirac spinors, and vectors) in curved space-time is conformal invariant, but some divergences appear due to the presence of the one-loop vacuum contributions. In the renormalized action, some counterterms are called to cancel the poles of the divergence part by the price of breaking the conformal invariance of the matter action itself. From the classical point of view, the trace of the energy momentum tensor in a conformally invariant theory is null. However, the renormalization procedure leads to the trace of an anomalous energy momentum tensor, the so-called quantum anomaly. In the four-dimensional space-time, it reads [33] [34] [35] 
where T µ µ is the vacuum expectation value of the stress-energy tensor T ν µ , R is the Ricci scalar and ≡ g µν ∇ µ ∇ ν is the covariant d'Alembertian, ∇ µ being the covariant derivative operator associated with the space-time metric g µν . Furthermore, W = C ξσµν C ξσµν is the "square" of the Weyl tensor C ξσµν and G the Gauss-Bonnet topological invariant, given by
with R µν the Ricci tensor and R ξσµν the Riemann one. The dimensionfull coefficients α, β, and ξ of the above expression are related to the number of conformal fields present in the theory. We introduce real scalar fields N S , the Dirac (fermion) fields N F , vector fields N V , gravitons N 2 (= 0 , 1), and higher-derivative conformal scalars N HD . We represent α and β as 3) so that these can be positive for usual matter, except the higher-derivative conformal scalars. If we exclude the contribution of gravitons and higher-derivative conformal scalars, we get
where we have also added the value of ξ [34, 36] . In this work, it can be recognized that in terms of all the results, the results will be independent of the choice of general notation of these coefficients, except the fact that α and β are defined to be positive. However, to better analyze the physical quantities, it is useful to have some reference value that here we give. For the field contents of the Yang-Mills theory, we have N S = 6N 2 , N F = 2N 2 , and N V = N 2 , where N is a very large number. As a consequence, we find 6) and in principle the contribution of the R term to the conformal anomaly vanishes, but it could be reintroduced via a higher curvature term in the action (see below). Owing to the conformal anomaly, the classical Einstein equation is corrected as
Here, we mention that T ij is the vacuum expectation value of the quantum stress-energy tensor, whose trace reduces to Eq. (II.1). By taking the trace of the last equation (II.7), we derive
Despite the fact that in Eq. (II.6), the coefficient of the R term is equal to zero, we can set it to any desired value by adding the finite R 2 counter term in the action. In the classical Einstein gravity, this additional term is necessary to exit from inflation [16] . Concretely, by adding the following action [28] 
where g is the determinant of the metric tensor, M the space-time manifold, and γ a positive number, we see that Eq. (II.7) becomes
From this relation, we acquire the trace
Namely, the quantity (2/3)α + ξ can be shifted as
It means that when the Yang-Mills theory is coupled to gravity, the presence of the additional action in Eq. (II.9) can be regarded as a higher curvature correction to the Einstein gravity or a part of the matter action.
III. TRACE ANOMALY IN F (R) GRAVITY
In this section, we investigate the trace anomaly in F (R) gravity supporting the inflationary scenario. The action is given by
where we have considered the R 2 term in the action withγ as in (II.9) and we have added a correction given by a function f (R) of the Ricci scalar. Moreover, L QC is the matter Lagrangian of quantum corrections. The field equations are derived as
Here, G µν is the Einstein tensor and f R (R) ≡ ∂f (R)/∂R. In the following, the subscription "R" indicates the derivatives with respect to the Ricci scalar. The trace is described as
where we have imposed the condition in Eq. (II.6) and introduced δ defined as
Here, γ(> 0) is a positive constant and it remains a free parameter. The flat FLRW space-time is described by the metric
where a(t) is the scale factor. In this background, we obtain
Here, H =ȧ(t)/a(t) is the Hubble parameter and the dot denotes the time derivative. The energy density ρ and pressure p of quantum corrections are represented as
In the FLRW background, it follows from (µ, ν) = (0, 0) component and the trace part of (µ, ν) = (i, j) of Eq. (III.2), in which the contributes of R 2 term are included in the conformal anomaly, we obtain the equations of motion (EoM)
In these equations, ρ eff and p eff are the effective energy density and pressure of the universe, that is, these of total energy components of the universe which consist of quantum matter contents and modification of gravity. Thus, by considering the time-covariant derivative of (III.2) and by taking account of the covariant derivative in Eq. (III.2) and ∇ µ G µ0 = 0, we derive the effective conservation laẇ
Now, we can use this equation to get the full effective energy-momentum tensor (in the specific case, we need ρ and p of the quantum corrections). Since we have
where we have used Eq. (III.3) with W = 0. Eliminating the pressure and using the conservation law in Eq. (III.10), we find
The integration of this equation yields the expression for the effective energy density
where ρ 0 is the constant of integration. Hence, eventually we have the effective pressure
In the expressions of ρ eff in Eq. (III.13) and p eff in Eq. (III.14), we can recognize the contributions from not only modified gravity but also quantum corrections. The appearance of the integration constant ρ 0 implies that the quantum state may contain an arbitrary amount of radiation [28] , which does not contribute to the trace of the conformal anomaly. In the seminal paper by Starobinsky [16] , f (R) = 0, the model is generalized to a non-necessarily flat spatial curvature and ρ 0 = 0 (in comparison with the coefficients k 1 and k 2 used in Ref. [16] , we have k 2 = 90N 2 and k 3 = −180N 2 γ < 0). We also put
motivated by the fact that we are interested in the Planck energy scale, where the energy density of the standard radiation can be much smaller than those of the quantum corrections and modification of gravity at this scale, and therefore the contribution from radiation can be neglected.
Here, we present several remarks. In principle, the form of the stress energy tensor of quantum corrections is unknown. What we know is its trace introduced in the general form in Eq. (II.1). However, given the metric (the flat FLRW space-time in our case), it is possible to derive the stress-energy tensor of the quantum anomaly "on shell", as executed above. If we know the effective energy density of the universe due to the quantum corrections and modified gravity, the pressure follows from the conservation law which is automatically satisfied. For this reason, in order to study the cosmological evolution of the model, it is enough to use one of the gravitational equations (III.8) and (III.9) . In what follows, we use the Friedmann equation (III.8) , where ρ eff is given by Eq. (III.13) with ρ 0 = 0.
IV. TRACE-ANOMALY DRIVEN INFLATION IN EXPONENTIAL GRAVITY
To reproduce the cosmic acceleration of the de Sitter universe today, many F (R) gravity models have been presented in the literature. The simplest idea is to construct a function of f (R) which mimics the cosmological constant Λ for large curvature and goes to zero for R = 0. Such behaviour can be sketched by the Heaviside function θ (R − R * ) as
where R * is a fixed curvature smaller than the current curvature. It is intuitive that in this way, we can recover the ΛCDM model at large curvature and the Minkowski space-time for R = 0. In Refs. [37] [38] [39] [40] [41] [42] , several versions of this kind of (viable) F (R) gravity have been proposed. For the inflation, one also needs a (quasi)-de Sitter solution and the introduction of a suitable effective cosmological constant at large curvature appears to be quite natural, such that the model above can be implemented as
where Λ eff and R 0 are constants and Λ eff , R 0 ≫ Λ , R * . However, the most significant problem of inflationary cosmology is how to realize a graceful exit from inflation. By making use of an exponential model in Eq. (IV.2), where two effective cosmological constants are incorporated, an attempt to unify inflation with the late-time cosmic acceleration has been analyzed in detail in Ref. [43] . In such a case, some power-law term of the Ricci scalar has been added to make the exit from inflation possible by taking into consideration the perturturbations coming from ultrarelativistic matter and radiation present in the hot universe scenario. On the other hand, in this work we analyze the effects of the trace anomaly in modified gravity theories, that is, we study physics at the Planck scale, so that contributions of standard matter/radiation will be negligible. As a toy model of form of f (R), we examine
For this model, in the small curvature limit, the modification of gravity vanishes, so that the cosmic evolution can be the same as the standard scenario, whereas at large curvature (i.e., the energy scale of inflation) R ≫ R 0 , an effective cosmological constant Λ eff (> 0) appears. Beside its simplicity, the reason why we consider this model is as follows. Since the conformal anomaly leads to the de Sitter solution, the adding of a constant to the effective energy density of the universe only shifts the de Sitter solution of inflation without cancelling it. Hence, in this model, the perturbations around the leading terms of f (R) proportional to exp (−R/R 0 ) are negative, so that for the (unstable) de Sitter solution, the Hubble parameter and therefore the Ricci scalar slowly decrease during inflation, as is seen later.
From now on, we analyze the cosmological behaviour in this model with the quantum anomaly.
A. De Sitter solution(s)
At large curvature R ≫ R 0 , f (R) ≃ −2Λ eff , and the Friedmann equation (III.8) reads
where we have omitted the terms proportional to exp (−R/R 0 ). This equation (with Λ eff = 0) has two de Sitter solutions with the constant Hubble parameter 5) which are independent of the parameter δ (it is well know that the R 2 term does not give any contribution to the de Sitter solution). Since β = N 2 / 64π 2 > 0 in Eq. (II.5), in order to have real (and positive) solutions, the following condition has to be required:
where we have reintroduced the Planck mass. Solutions in Eq. (IV.5) can be rewritten as
Furthermore, there are two special solutions
The first solution in Eq. (IV.8) corresponds to the one obtained in the Starobinsky model in Ref. [16] . We here remark several points on the condition in Eq. (IV.6). Even if N ≫ 1, the effective cosmological constant is bounded at the very large value of the Planck length (l Pl = M −1
Pl ). The corresponding energy density is given by
Pl . The fact that the energy density associated with the de Sitter solution is of order of the Planck scale to the fourth power justifies the introduction of the quantum corrections into the theory. Moreover, in the present derivation we have assumed that both the de Sitter solutions H 2 dS± are acquired in the high curvature limit of the model in Eq. (IV.3) , namely, at
We study the stability of the de Sitter solutions. We define the perturbations ∆H(t) as
(IV.10) Substituting this expression into Eq. (IV.4) and taking the first order of ∆H(t), we find
Here, we have not included any term proportional to exp (−R/R 0 ) of the model in Eq. (IV.3), which contributes to the stability of the solution only through Λ eff inside the expression of H dS± in Eq. (IV.5). The solution of Eq. (IV.11) is given by 12) where A 0 is a constant. The de Sitter solution is unstable (and adopted to describe the inflation) only if λ 1 (the eigenvalue with the positive sign in front of the square root) is real and positive, i.e.,
Here, we have taken into account the fact that β > 0 and δ < 0. We further analyze the results.
Double de Sitter solution
By plugging H dS± in Eq. (IV.7) into Eq. (IV.13), we see that λ 1 is real if 14) where the plus and minus signs correspond to the ones of H dS± . In the case of H dS+ , this condition is always satisfied, and eventually the instability condition reads
Hence, this de Sitter solution is unstable effectively. On the other hand, in the case of H 2 dS− , the condition in Eq. (IV.14) is satisfied only if
However, even if this condition could be satisfied, from Eq. (IV.13) we have 17) and thus the de Sitter solution becomes stable. Consequently, a stable de Sitter solution is realized during the inflation (and it may be the final attractor of the system), and therefore inflation cannot end. Next, we investigate the second de Sitter solution in the small curvature limit of the model in Eq. (IV.3) 18) where R dS± = 12H 2 dS± . In this case, the second (stable) de Sitter solution cannot be obtained with the mechanism illustrated above. In what follows, we identify the de Sitter solution with H dS ≡ H dS+ , considering the relation (IV.18) satisfied. We note that since the Starobinsky model is free of singularities in both the past and the future, also our theory results in being free of singularities, where an effective cosmological constant is added to the conformal anomaly.
Special de Sitter solutions
For the special solutions in Eqs. (IV.8)-(IV.9), we see that in the first case (the Starobinsky model), from Eq. (IV.13) we have
and it is well-known that the solution is unstable. For the second solution, we get 20) and a later analysis is required. In what follows, we avoid to discuss these two special cases. Here, we mention that in the case of exponential gravity, the exponential term makes the possibility for the de Sitter solution to be unstable wider than it for the pure trace-anomaly driven inflation.
B. Dynamics of inflation
Given the unstable de Sitter solution, to analyze inflation occurring in the model in Eq. (IV.3), we have to calculate the amplitude of the perturbations in Eq. (IV.12), that is, we need the bounding value of A 0 . In particular, its sign is crucial because the evolution of the Hubble parameter and hence the cosmological behaviour of the universe depend on it. At the time t = 0 when inflation starts, we have to set ∆H(t = 0) = 0. From the Friedmann equation (III.8), by taking into account also the terms in the model which are of the order of exp (−R dS /R 0 ), around the de Sitter solution H = H dS + ∆H(t), we find
The complete solution of this equation is given by the homogeneous part in Eq. (IV.12) plus the contribute of modified gravity as follows
Thus, at t = 0, by putting ∆H(t = 0) = 0, we can estimate the amplitude A 0 as 23) which leads to
Here, we have considered only the unstable solution H dS ≡ H dS+ in Eq. (IV.7) as discussed above. Note that thanks to Eq. (IV.24), all the terms omitted in Eq. (IV.21) are at lower orders, particularly, |(∆H(t)/H dS ) 2 | ≪ exp (−R dS /R 0 ). Moreover, as the time passes, the second term in Eq. (IV.22) can be neglected in comparison with the first one and eventually we recover Eq. (IV.12). This point is quite important in our analysis. In principle, in an F (R) gravity theory, it is possible to judge whether a given solution is stable or unstable. In the de Sitter solution, we acquire a contribution originating from the modification of gravity, but the instability of the solution only depends on the trace anomaly (in fact, it has the dependence on the positive R 2 correction term to the Einstein gravity due to the term δ(< 0)). However, it is crucial issue to understand the origin of the perturbations during this phase to bound them at the beginning of inflation. If a modified gravity theory describes the early universe and relates to the quantum anomaly, it may generate the perturbations to the (unstable) de Sitter solution (otherwise, if f (R) = −2Λ eff , the de Sitter solution is an exact solution of the gravitational field equations), which grow up in time and realize a graceful exit from inflation.
In our case, the sign of amplitude of the perturbations is negative. The standard cosmology is recovered at small curvature (R/R 0 ≪ 1), where it is expected that the modifications to the Einstein gravity vanish and the expansion of the universe is driven by matter/radiation. Inflation ends when the perturbation H dS |∆H(t)| is of the order of H 2 dS , i.e.,
As a consequence, we may estimate the time at the end of inflation as
Note that since λ 1 ∼ H dS , this time is at the Planck scale. The primordial acceleration can solve the problem of initial conditions of the standard model (horizon and velocities problems), only ifȧ i /ȧ 0 < 10 −5 , whereȧ i ,ȧ 0 are the time derivatives of the scale factor at the Big Bang and today, respectively, and 10 −5 is the estimated value of the inhomogeneous perturbations in our universe. Since in decelerating universeȧ(t) only decreases of a factor 10 28 , it is required thatȧ i /ȧ f < 10 −33 , where a i is the scale factor at the Big Bang again (namely, at the beginning of inflation), and a f is the scale factor at the end of inflation. Thus, if inflation is governed by a (quasi) de Sitter solution where a(t) = exp (H dS t), we can introduce the number of e-folds N as (IV.27) and inflation is viable if N > 76. For our model, by taking account of the fact that we have chosen t i = 0 and using Eq. (IV.26), we acquire
For simplicity, we represent We remember that γ enters the action of the model in front of the R 2 term in Eq. (III.1) and ζ depends on the effective cosmological constant in Eq. (IV.7). To satisfy Eq. (IV.18) and not to have the stable de Sitter solution, the following relation has to be met
As an example, for Λ eff = πM 2 Pl /N 2 , that is, ζ = 1/8 and b = 3, the condition in Eq. (IV.31) is satisfied. Moreover, since R dS− < R 0 (≃ 3R dS− ), it cannot be met (f (R dS− ) = −2Λ eff ), whereas since there are the relations R dS+ = 3R 0 and exp (−R dS+ /R 0 ) ∼ 0.05 ≪ 1, we find f (R dS+ ) ≃ −2Λ eff , and therefore the unstable de Sitter solution R dS ≡ R dS+ can be realized. In this case, to obtain N > 76, γ has to meet the relation γ > 3.8.
EoS parameter
The effective EoS parameter is defined as 32) where p eff and ρ eff are given by Eqs. (III.13) and (III.14), respectively. For the de Sitter solution, w eff = −1, it is equal to minus one, but by introducing the perturbation H = H dS + ∆H(t), we obtain
By describing ∆(t) = A 0 e λ1t , where λ 1 is given by Eq. (IV.12), we get
Thus, by using H dS ≡ H dS+ in Eq. (IV.7) and introducing the number of e-folds N in Eq. (IV.28), we find
The effective EoS parameter tends to increase because A 0 < 0 as shown in Eq. (IV.24). In addition, since
, we see that during inflation, the following relation is met
, and the expansion of the universe is accelerating until the end of this period driven by a fluid with negative pressure. As the energy density of the fluid slowly decreases, and finally the exit from inflation can occur as seen above.
Spectral index
The second time derivative of a(t) is given bÿ
where we have introduced the parameter ǫ. When the approximate de Sitter solution is realized, it has to be very small as
Moreover, ǫ has to change very slowly. There is another parameter η, which has to also be very small as
These two parameters are the so-called slow-roll parameters. In standard inflation models driven by a scalar field, called the inflaton, these are useful to study the viability of inflation models. The amplitude of scalar-mode power spectrum of the primordial curvature perturbations at k = 0.002 Mpc −1 is described as 40) and the last cosmological data constrain the spectral index n s and the tensor-to-scalar ratio r are given by [44, 45] n s = 1 − 6ǫ + 2η , r = 16ǫ . (IV.41)
In our model, we find 42) where in the second equality, we have used Eq. (II.5). The parameters ǫ and η read
In deriving the second and third equalities in Eq. (IV.43), we have used the number of e-folds in Eq. (IV.30), and in obtaining the last equality in Eq. (IV.43), we have taken into consideration N = H dS t f , where t f is given by Eq. (IV.26) with R dS = bR 0 . During inflation, when t ≪ t f , since N ≫ 1, we have
Thus, the spectral index and the tensor-to-scalar ratio in Eq. (IV.41) are derived as
We mention the recent observations of the spectral index n s as well as the tensor-to-scalar ratio r. The results observed by the PLANCK satellite are n s = 0.9603 ± 0.0073 (68% CL) and r < 0.11 (95% CL) [20] . Since b/N ≪ 1 and 1 ≪ b, the constraints from the PLANCK satellite described above can be satisfied. For instance, for b = 3, ζ = 1/8, and N = 76, we have n s ≃ 0.9601 and r = 1.20 × 10 −3 . However, very recently, the BICEP2 experiment has detected the B-mode polarization of the cosmic microwave background (CMB) radiation with the tensor to scalar ratio r = 0.20
−0.05 (68% CL) [32] , and also the case that r vanishes has been rejected at 7.0σ level. Thus, the viable models of inflation have to produce such a finite value of r. Several attempts to build inflationary models or other cosmological processes to realize the value of r = 0.20 have recently been executed, e.g., in Refs. [46] [47] [48] . For our model, even if the dependence of the tensor-to-scalar ratio on N 2 makes it very small, we can play with a value of ζ close to 3/8 in order to increase its value. For instance, with the choice ζ = 0.37125, we can still describe the unstable de Sitter solution for b > 1, since R dS ≫ R 0 and f (R dS ) ≃ −2Λ eff . Thus, the number of e-folds N depends on γ only as in Eq. (IV.30): If b = 2, γ > 1.14 to have N > 76; if b = 3, we find γ > 0.76; if b = 4, we obtain γ > 0.57, and so on. In such a case, the value of the tensor-to-scalar ratio results in being non-null. For example, by considering N = 76, we acquire r = 0.22 for b = 2; r = 0.23 for b = 3; and r = 1.18 for b = 4.
C. End of inflation
At the end of inflation, when R/R 0 ≪ 1, the effective energy density in Eq. (III.13) reads at the second order of ∆H(t) as
where we have expanded the exponential model around R ≃ ∆R(t), with |∆R(t)| ≪ 1, and we have considered ∆R(t) = 12∆H(t) 2 + 6∆Ḣ(t) . Hence, from the Friedmann equation (III.8), we derive
Its solution is given by 48) with c 0 a constant. When we examine the evolution of the system which tends to R = +0, the following relation is required:
where we have taken into account that δ < 0. We analyze this condition. By rewriting Eq. (IV.29) to R 0 = R dS /b and using the de Sitter solution
where we have also included the condition in Eq. (IV.7). For example, in the setting analyzed in the preceding subsection to reproduce the correct number of e-folds of inflation N , where b = 3 and ζ = 1/8, this condition is met. From Eq. (IV.48), we can also estimate the time necessary for the universe to exit from inflation as
Since we are interested in the Planck energy, we may consider c 0 ∼ M Pl in Eq. (IV.48). For instance, we may be out from the Planck energy scale when ∆H ∼ 10
Pl and the effects of quantum anomaly disappear. On the other hand, the radiation, that we have neglected during inflation at the Planck scale as done in Eq. (III.15), becomes dominant and drives the cosmological evolution.
D. Effective gravitational coupling
In order to avoid anti-gravity effects in a modified gravity theory, it is necessary to verify that f R (R) > −1, namely, the effective gravitational coupling G eff = G/ (1 + f R (R)), where G is the Newton's constant, have to be positive to correctly describe the interactions between matter and gravity. In the model under investigation, f R (R) has a minimum at R = 0 (this means the regime where R/R 0 ≪ 1), where
To recover the standard evolution of the universe for R/R 0 ≪ 1, we must have G eff ≃ G. Moreover, when R/R 0 ≪ 1, by plugging Eq. (IV.46) into the first Friedmann equation (III.8), we obtain
where we have taken account of the contribution of radiation. If ∆H(t) remains close to zero, that is, if Eq. (IV.49) is met, since κ 2 = 8π/M 2 Pl , the contribution of the quantum anomaly is completely negligible in comparison with that of radiation (κ 2 ρ CA ≪ 3∆H(t) 2 with ρ CA the energy density of the conformal anomaly), but the contribution of the modification of gravity leads to
Therefore, only if 2Λ/R 0 ≪ 1, the effects of modified gravity can be avoided. We conclude that in order to recover the correct value of the Newton's constant and the standard model for R/R 0 ≪ 1, the condition in Eq. (IV.49) must be well satisfied as
We have previously seen that the choice ζ = 1/8 and b = 3 brings to a viable reproduction of the inflation. For this choice, we find 2Λ eff /R 0 ≃ 0.1. Here, we present several comments. The smaller ζ is (that is, the smaller the effective cosmological constant of the F (R) gravity model is), the better all the viability conditions of inflation are met. For example, if ζ = 1/16, i.e., Λ eff = πM 2 Pl /(2N 2 ), we acquire 2Λ eff /R 0 ≃ 0.06. In addition, for b = 3, the unstable de Sitter solution of inflation is realized, but the stable one is not realized. Furthermore, if γ > 4, the number of e-folds N is larger than 76. This fact is not surprising, because for Λ eff → 0, the modification of gravity disappears and we recover the Starobinsky model, which possesses an unique unstable de Sitter solution. However, in such a case, we also lose the effects of the perturbations from modified gravity, and an alternative description (like the usual one in scalar tensor theories) has to be found. To execute it is contrary to the aim of this work, in which we have demonstrated how it is possible to realize inflation (and in particular, the exit from inflation) in the framework of F (R) gravity by taking into consideration the quantum anomaly combined with modified gravity.
We finally state the following point. The toy model under investigation can easily be implemented in the form in Eq. (IV.2) to unify the early-time inflation with the late-time acceleration
so that the modification of the Einstein gravity can be represented in a compact way to reproduce the accelerated expansion of the universe at two different energy scales. In the exponential model, there exists a stable de Sitter solution, but owing to the coupling with the trace anomaly at the Planck epoch, the solution at that time is unstable. As a result, the perturbations which make the exit from inflation towards the thermal universe at small curvature possible are originated from modified gravity itself.
V. UNIFICATION OF THE TRACE-ANOMALY DRIVEN INFLATION WITH THE DARK ENERGY DOMINATED STAGE IN EXPONENTIAL GRAVITY
The first proposal on the unification of inflation and the dark energy dominated stage in F (R) gravity has been made in Ref. [49] . In this section, we show that actually, such a proposal works well also when the inflationary sector is represented by the trace-anomaly induced action. Indeed, this action is given by the specific form of modified gravity which contains an R 2 term and a higher-derivative non-local gravity one. Note that as it was demonstrated in Ref. [50] , such a term also removes possible early-time or late finite-time singularities by acting them towards a non-singular description of the universe.
It follows from Eqs. (III.1) and (IV.3) that the action for the unified scenario is expressed as
Here, R 0 can be considered to be a current curvature. In this case, (i) for large curvature regime R/R 0 ≫ 1, which corresponds to the early universe, the effective action can be written as
While, (ii) for small curvature regime R/R 0 ≪ 1, when the universe is at the dark energy dominated stage, the effective action can be represented as
In the expressions for the actions in Eqs. (V.2) and (V.3), we only take the dominant terms. For the action in Eq. (V.2), thanks to the second term proportional to R 2 , R 2 inflation can happen, and also the exit from inflation can be realized by the fourth term coming from the conformal anomaly. On the other hand, for the action in Eq. (V.3), the effective theory is equivalent to the Einstein gravity plus the positive cosmological constant, and therefore the de Sitter expansion of the current universe can occur. In this case, we have a(t) =ā exp (H p t) withā(> 0) a positive constant and H p = Λ eff /3 the Hubble parameter at the present time. As a result, in the model whose action is described by Eq. (V.1), not only inflation in the early universe but also the current cosmic accelerated expansion can happen in the unified manner as explained above.
VI. CONCLUSIONS AND DISCUSSIONS
In this paper, we have studied the conformal anomaly for inflation in F (R) gravity. Since the discovery of the cosmic acceleration, the modified theories of gravity have become an interesting field of research. The idea that some modification of the Einstein gravity lies behind our universe offers a natural way to describe the accelerated expansion of the universe at large or small curvature. Inflation from F (R) gravity is usually analyzed in the framework of the scalar-tensor theories, but we have here presented a different approach without invoking the conformal transformations for an F (R) gravity model, which are even not always possible to do. Moreover, the conformal anomaly has been considered. If inflation takes place at the Planck epoch, the quantum effects must be taken into account.
In our analysis, as a simple and suitable toy model, we have used exponential gravity with the quantum contribution due to the conformal anomaly. The accelerated expansion is initially driven by the conformal anomaly. Hence, the modification of gravity generates the perturbations necessary for the graceful exit from inflation.
For our purpose, we have adopted the exponential gravity model, because in it, the de Sitter expansion is supported at the Planck epoch, and the negative perturbations of the curvature, which starts to decrease towards the end of inflation, are involved. It is well known that the conformal anomaly possesses the unstable de Sitter solution as an exact solution of the theory. This means that, given a perturbation, the model exits from the de Sitter solution. However, in order to understand the evolution of the universe and compare a model with the data obtained from the cosmological observations, it is crucial to reveal the origin and the form of the perturbations. In our case, the perturbations are generated from modified gravity itself and can be calculated. Consequently, the analysis of inflation can be carried out by analogy with scalar tensor theories. For our model, we can evaluate the number of e-folds N , the spectral index, the time and the EoS parameter during inflation, and compare them with the latest observations. We have shown that the viable inflation occurs in the model, and at the end of inflation, the standard cosmology is recovered. Namely, the modification of gravity and the effects of the conformal anomaly vanish. Accordingly, radiation, which is, in principle, also contained in the quantum state, becomes dominant and drives the decelerated expansion.
Concretely, it has been found that for our model, the spectral index of scalar modes of the curvature perturbations is n s = 0.9603, which is consistent with the PLANCK result, and the tensor-to-scalar ratio r of them can be within the error of 68% CL of the very recent BICEP2 experiment data. It is also expected that in the near future, the B-mode polarizations of the CMB radiation might be detected by other experiments, e.g., QUIET [51] , B-Pol [52], POLARBEAR [53] , and LiteBIRD [54] .
Finally, we remark that our approach can be generalized to other models of modified gravity. To realize inflation, it is required that modified gravity supports the de Sitter solution together with the conformal anomaly and generates the negative perturbations on the Hubble parameter.
